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ABSTRACT

The purpose of this study is to describe rain in terms
of raindrop-size distributions and to relate these distri-
butions to the physical processes which affect the growth or
evaporation of the raindrops. The immediate significance of
the present work is that (1) it contributes to our under-
standing of the final stage of precipitation growth, and (2)
it provides information which is useful in the interpretation
of weather radar observations.

Computations of the changes of the raindrop-size distri-
butions with distance fallen are made using an electronic
digital computer. Assuming a steady mass flux of raindrops
just below the melting level, changes brought about in the
distribution through coalescence among raindrops, by accre-~
tion of cloud droplets, and by evaporation are considered.

It is shown that the numerical procedures which are used
introduce negligible errors in the computations. In addition,
these procedures remove all restraints on the form of the
initial raindrop-size distribution, and on the properties of
the cloud and the atmosphere through which the drops are
falling.

Raindrop-size distributions may frequently be expressed

satisfactorily by a function of the form:
ND
ln(ﬁ—? = -AD ,
o
where D is the drop diameter, NDdD the number of drops of

diameter between D and D+dD in unit volume of space, No the
value of ND for D = 0, and A is the magnitude of the slope
of the distribution. It is found that an initial raindrop-
size distribution having a relatively large slope at the

melting level is considerably modified as the rain falls

iv



by the processes of coalescence, accretion, and evaporation.
Whereas the number of smaller drops is markedly depleted by
each process, the number of larger drops is increased by
coalescence and accretion but is decreased by evaporation.
On the other hand, a distribution with a relatively small
slope at the melting level is only slightly modified by
the above three processes. By considering raindrop-size
distributions with various slopes but equal rainfall
intensity, it is found that the depletion of cloud liquid
water content and the amount of evaporation increase as the
slope of the distribution becomes larger.

A photoelectric raindrop-size spectrometer developed
by Dingle and Schulte is used to measure the raindrop sizes
which are reported in the study. The calibration of the
instrument is described; and a correction, based on a combi-
nation of geometric considerations and experimental evidence,
is applied to the observed distributions. It is shown that
these corrected distributions have rainfall intensities
which are in good agreement with intensities measured with a
special weighing bucket rain-gage. It is concluded that the
spectrometer provides raindrop-size spectra which adequately
represent the natural distributions.

The problem of relating the rainfall intensity to the

radar echo power is discussed. For the rains observed with

the spectrometer, the least squares regression equation of the

radar reflectivity factor, 2, on the rainfall rate, R, is

Z = 312Rl'36

provided that R is greater than 5 mm hr?. The scatter about

this regression:line is large.
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A procedure is presented whereby the raindrop-size
distribution at the melting level can be deduced. This is
possible by conbining the information obtained from the com-
putations of the change in the distribution below the melting
level with the observed distribution at the ground. One
study of this type for the light rain on 31 July 1961 at
Flagstaff, Arizona shows that at the melting level (1) more
large drops must be present than is indicated by the
Marshall and Palmer distribution, and (2) the concentration
of the larger drops must not be substantially different from

their concentration observed at the ground.
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1. INTRODUCTION

1.1 AIM OF THE STUDY

Water is one of the basic commodities on which
our civilization depends and it is no accident
that the highly developed regions of the world
are those which are endowed with good supplies
of water. Practically the whole of our usable
water comes in the form of precipitation from
the atmosphere, and few studies could be more
important than those which lead to a complete
understanding of how it is stored in the
atmosphere and how it precipitates out.

E. G. Bowen, in Foreword to "The Physics of
Rainclouds" by N. H. Fletcher.

Although rain is one of the most important products of
atmospheric processes, only a few of its properties can be
derived from the observations which are now generally
available. For example, some rain gages provide a continu-
ous record of the rain intensity but most are used to pro-
vide a measure of the total rainfall over a period of six
hours or even a day. If the gages are not too widely separ-
ated the records provide information on the dQuration, fre-
quency of occurrence, seasonal variation, and the areal
distribution of the rainfall. Such information is certainly
useful, but it does not shed any light on the basic mechanism
of rain formation. On the other hand, the raindrop-size
distribution is a fundamental property of the rain, and its
measurement can be used to increase our knowledge of the
precipitation process. The research reported herein is pri-
marily an attempt to describe rain by means of its drop-size
distributions and to relate these distributions.to the phy-
sical processes which affect the growth and evaporation of

the raindrops.



1.2 DESCRIPTION OF RAINDROPS

A raindrop is a drop of water of diameter greater than
0.2 mm* falling through the atmosphere.® The limiting dia-
meter of 0.2 mm is rather arbitrary, but has been chosen
because drops of this size fall rapidly enough relative to
the air (about 70 cm sec™) to survive the evaporation over
several hundred meters which may occur below the cloud base.
Raindrops greater than 6 mm are rarely observed in natural
rain, and it may be assumed that drops larger than this
usually break up during their fall towards the ground.

The terminal velocity of raindrops has been measured
by several investigators (Lenard, 1904; Laws, 1941), but the
most extensive, and probably the most accurate, measurements
have been made by Gunn and Kinzer (1949). Their results
are shown in Fig. 1. At small drop diameters the drop
velocity increases rapidly with drop size, whereas the
velocity approaches an asymptotic value of about 920 cm sec?
for drops greater than 5 mm.

The predominant force in the case of drops smaller than
about 1 mm is surface tension, with the result that the
drops take on an essentially spherical shape. However,
other forces become important for larger drops, and the
shape is considerably deformed from the spherical (Lenard,
1904; Spilhaus, 1948; McDonald 1954). Magano (1954) and
Jones (1959) have taken high speed photographs which show
that a large water drop falling at terminal velocity exhi-

bits a marked flattening on its lower surface and smoothly

1In this study all drop sizes will refer to the
diameter unless noted.

2Falling drops with diameter lying in the interval 0.2
to 0.5 mm are usually called drizzle drops, but this is an
unnecessary refinement for the purpose of this study.

oy
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The terminal velocity of water drops in still
air, pressure 760 mm, temperature 20C (Gunn and
Kinzer, 1949).

2.

Large water drops falling at terminal velocity.
Equivalent spherical diameters and measured fall
velocities as follows: upper left, 6.5 mm and
890 cm sec?; upper right, 6.0 mm and 880 cm sec’;
lower left, 4.8 mm and 830 cm sec™; lower right,
2.8 mm and 680 cm sec’ (Magono, 1954).
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rounded curvature on its upper surface (Fig. 2). This
flattening increases the drag force on the drops which con-
sequently limits the terminal velocity of the largest rain-
drops.

The maximum size of raindrops appears to depend greatly
on the turbulence regime of the air through which the.drops
fall. 1In still air, drops as large as 10 mm diameter can
be produced, but in the free atmosphere drops of 6 mm are
quite rare. The exact manner in which the raindrops break
up is of considerable interest because this process affects
the drop-size distribution. However, at present there is
no adequate information on the mechanism or character of
the break-up of large drops-

Compared to raindrops, cloud droplets are extremely
small, typical drop diameters being in the order of 0.01 -
0.02 mm. Therefore, in terms of volume it takes about 10°
cloud droplets to form a typical raindrop of 1 - 2 mm. The
mechanism whereby cloud droplets grow to raindrop size is a
fundamental problem in cloud physics.

Throughout this study the quantity "wW" will refer to

the liquid water content per unit volume in the form of rain-

drops within the atmosphere, and "M" will denote the liquid
water content per unit volume in the form of cloud droplets

(i.e. from about 0.001 - 0.2 mm).

1.3 THE USES OF RAINDROF-SIZE DISTRIBUTIONS
1.3.1 Quantitative precipitation measurements using
radar -
The average power received by radar from a meteorologi-
cal target is given by

P

PA hk
= e _
r 8 T r° Y

30 . (1)

14
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where % designates summation over a unit volume, Pt is the
transmitted power, Ae is the effective area of the radar
antenna, h is the linear distance occupied by a pulse of
the transmitted energy in space, r is the range of the tar-
get, k is the attenuation factor, and Zo is the total back-
scatter cross section of the particleslin a unit volume of
the contributing region. The derivation of Eq. (1)

(Battan, 1959) involves the consideration of a large number
of factors and need not be of concern here. The quantities
Pt’ Ae' and h are properties of the radar, and the choice
of their values has an important bearing on the radar per-
formance. The attenuation factor k is very close to unity
for normal rain intensities and for radar wave lengths
greater than about 3 cm. If the precipitation particles
are composed of raindrops (maximum diameter about 5.5 mm),
then for radar wavelengths of 3 cm or greater, X0 is essen-
tially proportional to £¢® (usually denoted by ; and called
the radar reflectivity ;actor), the sum of the sixth powers
of the diameters of the raindrops contained in a unit volume
(Ryde, 1946; Gunn and East, 1954). Since the characteristics
of the radar can be kept constant, Eq. (1) reduces to

B_ =—S—2‘21:D6 - (2)
where C is a constant. Eq. (2) points to the strong depen-
dence of the returned power on the drop-size distribution of
the particles which make up the target.

Unfortunately, the rainfall intensity provides little
information on the raindrop-size distribution. A volumetric
distribution may be composed of many small drops, but be-
cause of their smaller fall velocities, the rain intensity
may be identical to that resulting from a distribution com-

posed of a few large drops. However, the power of the



returned radar signal will be quite different for these two
distributions even though the distributions produce equal
rain intensities. Therefore, information on the raindrop-
size distribution must be available if radar is to be used

for quantitative rainfall measurements.

1.3.2 Precipitation growth processes

The drop-size distribution and intensity are the two
essential features which describe rain. Cursory observa-
tions are sufficient to reveal that the raindrops from a
summer shower have a different character than the drops
from the light rains common to the cooler seasons. Even on
this basis, it is apparent that a study of the drop-size
distributions will aid in our understanding of the basic
formation and growth of raindrops, particularly if other
meteorological variables are included and related to the
drop-size data.

The prospect of modifying clouds to produce additional
rainfall provides an important need for research in precipi-
tation physics. 1In the past, very little research has been
carried out on the effect of cloud seeding on the drop-size
distribution of the resulting rain. However, it is probable
that a study of raindrop spectra will yield valuable infor-
mation not only on the effect of seeding on the raindrop
sizes but also on the effectiveness of the cloud modification

methods which are used.

1.3.3 Soil erosion studies

Some of the first quantitative work on the effect of
rain on soil erosion was reported about 20 years ago. Laws
and Parsons (1943), Ellison (1944), Chapman (1948), Ellison

(1949), and Ekern (1950) carried out fairly comprehensive

PR ema
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studies of soil erosion, and in some cases they considered
the effect of the drop-size distribution. However, greater
use of drop-size data will allow the development of indices
which are related to the erosive character of the rain and

which have application to soil conservation studies.

1.4 THE APPROACH TO THE PROBLEM

This study does not deal exclusively with a single
problem. It is intended more as a critical analysis of
some characteristics of raindrop sizes, and the research is
directed toward the significance and use of drop-size dis-
tributions in the field of precipitation physics.

The following section is a review of the research which
has given some consideration to the measurement and use of
raindrop sizes. A comprehensive treatment of the processes
affecting the size of raindrops as they move from the melting
level to the ground is given in Section 3. The information
thus obtained is used to deduce some important aspects of
cloud and precipitation physics. In addition, information
is provided on raindrop-size distributions in regions above
the ground which are usually observed by radar. The raindrop-
size distributions which were observed in Flagstaff during
the summer of 1961 are presented in Appendix D, and an at-
tempt is made to explain these observations in terms of the
meteorological conditions which are most significant in

shaping the surface raindrop-size spectra.



2. REVIEW OF RESEARCH ON RAINDROP-SIZE DISTRIBUTIONS
2.1 THE MEASUREMENT OF RAINDROP SIZES

The sampling of a representative volume of raindrop
sizes within the atmosphere is a difficult problem and one
which has still not been ideally solved. The simplest and
most common method is to expose a piece of filter paper
treated with a water soluble dye (rhodamine, eosin, or
methylene blue) to the rain. The drops moisten the paper,
and on drying, leave circular stains whose diameters can be
related to those of the raindrops by suitably calibrating
the paper beforehand. This method has been used successfully
by Lenard (1904), Defant (1905), Niederdorfer (1932),
Blanchard (1953), Sivaramakrishnan (1961) and many others.
A slight variation of this method was devised by Engelmann
(1962) who exposed a sheet of blueprint paper to the rain
and then developed it using ammonia fumes. When properly
handled the yellow-orange stains are outlined with a black
ring on a yellowish-gray background. The difficulty with
this general procedure is that (1) the sampling area and time
of exposure must be adjusted on the basis of the rainfall
intensity. and usually the method is not workable for high
rates of rainfall, (2) the reduction of the data is usually
messy and rather time consuming, and (3) in general the sam-
ple is rather small for representative distributions. A
further modification of this basic method involves the use
of very fine mesh screens which are dusted with either soot
or powdered sugar. The drops pass through the screens and
remove a circular area of the dusting material. This has
produced some excellent raindrop samples but the reduction

problem is not improved over that of the filter paper method.
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Bentley (1904) measured the size of raindrops by
allowing them to fall into an inch deep layer of fine flour
which was contained in a shallow pan about four inches in
diameter. The raindrops were left in the flour until the
dough pellets were hard and dry. Through prior calibration
the dough pellets were found to correspond roughly in size
with the raindrops that madé them.

A photographic technique has been developed and used
successfully by Jones and Dean (1953). A series of pictures
of a volume of the atmosphere is taken, and the drops thus
photographed are counted and sized. The equivalent sampling
volume is greater than one cubic meter per minute. The
reliability of the measurements for raindrops one millimeter
and larger is high. However, the drops of diameter between
0.5 and 1.0 mm are subject to error. The reduction of the
data is likewise tedious, although recently it has become
possible to measure the drops from the photographs with a
pair of electric calibers and have the measurement punched
directly onto cards.

Other methods which have been tried but have not at-
tracted wide acceptance include a raindrop spectrograph by
Bowen and Davidson (1951) and a device employing a micro-
phone diaphragm by Cooper (1951). The device by Bowen and
Davidson is a type of mass spectrograph in which falling
raindrops are deflected by a horizontal air-current within
a wind tunnel. The drops enter through a funnel and the dis-
tance through which the drops are deflected is proportional
to their mass so that drops are spread out along the bottom
of the tunnel according to size. The disadvantages of this
instrument are that (1) the observations are limited to

those rains in which the drops are falling vertically, and
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(2) the data reduction is tedious since the samples are
usually collected on filter paper. Cooper's instrument
measures the amplitude of the pulses produced by raindrops
impinging upon a microphone diaphragm. This device has the
tremendous advantage of being able to transmit the pulses,
and thus is suited to being carried aloft to measure the
vertical variations of the raindrop spectrum. Unfortunately,
the only re<ults which have appeared using this instrument
seem somewhat questionable, and apparently further develop-
ment is required before reliable results arz obtained.

Mason and Ramanadham (1953) developed an optical method
for measuring raindrop sizes. The drops fall through a
narrow beam of light, and the light scattered by them is
focused onto the slit of a photomultiplier tube. The instru-
ment has the advantage of being able to record drops which
are not falling vertically. However, the sampling volume is
necessarily small since only one drop is to be in the light
field at a given instant. Illumination problems have pre-
vented its use during daytime showers, and other problems
may also be present since relatively little data collected
with it have been reported.

A photoelectric raindrop-size spectrometer, described
by Dingle and Schulte (1962), overcomes most of the disad-
vantages which are present in other raindrop measuring in-
struments. Since observations of raindrop sizes obtained
with the spectrometer are used throughout this study., a brief
description and the calibration of the instrument are given

in Appendix A.
2.2 EARLY RESEARCH WITH RAINDROP-SIZE DISTRIBUTIONS

One of the earliest accounts of the measurements of

raindrops is that given by Lowe (1892). He observed the
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diameter of the spots which were produced by drops falling
on sheets of slate. He did not attempt to relate these
"slate" diameters to the actual drop diameters. The dis-
cussion following the presentation of Lowe's paper was also
published, and it was mentioned that a plan to measure drops
falling on chemically prepared paper had been put forth
previously. However, this method was not adopted until
Wiesner (1895) used it to measure the size of raindrops in
tropical rain. Lenard (1904) allowed the drops to fall on
a dye-impregnated filter paper. He was interested in measur-
ing raindrop velocity, but he also obtained samples of rain-
drop sizes in natural rains from 1898 to 1899 at Kiel,
Germany and near Luzern and Lugano, Switzerland.

Bentley (1904), using the flour-pellet method, obtained
raindrop-size distributions in 51 storms between 1899 and
1904. His observations included samples from different
portions of thunderstorms, rain showers, and general rain-
storms. His data indicated too many large sized drops as
compared with later measurements, and it is probable that
this was because he did not account for the non-sphericity
of the larger drops. Nevertheless, Bentley emphasized the
synoptic features during his observations and had an insight
into the significance of his work when he states:

The mechanism of rain formation and the phenomena
connected therewith is of great interest and import,

and should receive from scientists a larger measure of
attention than hitherto. It seems certain that syste-
matic study of this and allied phenomena would, through
the increase of our exact knowledge regarding it, richly
repay patient and thoroughgoing investigation.

Except for contributions by Defant (1905), Becker (1907),
and Schmidt (1908), all of whom aroused interest by finding

that drops appeared to show a preference for certain drop
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volumes, Bentley's words were not heeded for more than 20
years.

Efforts to show that preferred drop sizes exist whose
volumes bore the relationship 1:2:4:8:16 were initiated by
Defant, and this phenomenon appears to have dominated the
research on drop-size distributions in rain for the period
from 1925 to 1938 (Kohler, 1925; Niederdorfer, 1932;
Landsberg and Neuberger, 1938). The effect has been ex-
plained on the assumption that the rain consists of drops,
initially of approximately the same size, which coalesce
with each other probably by some sort of transverse motion
when fallihg at their common terminal velocity. The drops
which do coalesce have twice the original mass, and these
are now capable of coalescense by a similar mechanism. The
result is a distribution with masses of the required ratios.
More recerit measurements and work on this problem (Horton,
1948; Blanchard, 1953; Jones, 1955; Dingle and Hardy, 1962)
failed to show these preferred peaks. Landsberg and
Neuberger (1938) remark on the Defant phenomenon as it ap-
plies to their data:

If liberally interpreted, this can be taken as
representing the proportions: 1:2:4:8:16. Other

values are, nevertheless, frequently enough represented
to show that these proportions may be a predominant fea-
ture of drop-size distribution but are by no means a
lawfully required order.

This statement is still applicable, and further work is re-
quired to show whether these mass ratios are a significant
property of drop-size distributions.

Research during the early 1940's on drop-size distri-
butions was climaxed by the work of two soil conservation-

ists, Laws and Parsons (1943). They refined the Bentley

[
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flour-pellet method and obtained results which are still
considered to be among the best. Their data show that the
median-volume diameter, Do' (defined as the drop diameter
such that the distribution of liquid water with raindrop
size is divided exactly in half) is related to the rainfall
intensity, R, by,

Do - 1524R0'182 (3)

The basic result that the median drop diameter increases
with increasing rain intensiﬁy is not surprising because
increased flux of rainwater should accompany large rain-
drops. Of greater significance is the fact that this rep-
resents one of the first attempts to describe a property of
the drop-size distribution quantitatively. Later it was
found that quite different relationships may hold for dif-
ferent types of rain (Best, 1950; Blanchard, 1953). However,
Laws and Parsons' work was the first of a long series of
attempts to describe drop-size distributions by means of a

single quantity (i.e. Do in this case).
2.3 RESEARCH AFTER 1943

During the same years that Laws and Parsons were
carrying out their measurements on raindrop sizes, cloud
and precipitation physics acquired an added significance.
The two factors responsible for a renewed interest in this
subject were (1) the development of radar as an instrument
for weather observation, and (2) the gradual emergence of a
scientific basis for weather modification or control (re-
viewed by Langmuir, 1948 a). A great number and variety of
experiments associated with cloud physics have been con-
ducted since that time. A few of the important advances,

particularly as they relate to the measurement or use of
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raindrop-size distributions, are described below.

2.3.1 Drop-size distribution and radar meteorology

The detailed characteristics of radar echoes from
meteorological targets have been extensively studied.
Battan (1959) emphasizes the application of radar to vari-
ous phases of meteorological research and hydrology, where-
as more general reviews of radiometeorology have been given
by Ligda (1951), Wexler (1951), and Marshall and Gordon
(1957) . Problems which primarily relate to the use of radar
in the estimation of such cloud parameters as median volume
diameter, Do' the liquid water content, M, and the radar
reflectivity factor, Z = ID®, are discussed in a series of
papers by Bartnoff and Atias (1951), Atlas and Bartnoff
(1953), and Atlas (1954). These latter papers indicate the
importance of the cloud droplet distribution in arriving at
reliable values for the quantities desired, and in many re-
spects the problems discussed are also applicable to the
study of raindrop-size distributions.

One of the most useful and obvious applications of
radar to meteorology is in the determination of precipita-
tion intensities. Shortly after World War II, the finding
of a relationship between the radar reflectivity factor, 2,
and rainfall rate, R, immediately suggested that a single
radar could be used for measuring rainfall over an area of
several thousand square miles. However, the magnitude of
the task was quickly revealed as the accumulation of data on
raindrop-size distributions showed an increasing number of
Z-R relationships (Wexler, 1948; Twomey, 1953; Battan, 1959,
p 56). Observatiops of drop-size spectra have been made at
different latitudes, in many types of rains, and during

storms in various stages of their development. Some of



